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Abstract

The characteristics of large coherent structures in turbulent, periodically-excited, as well as naturally-developing bubbly
jets are investigated, and interactions between bubbles and large-scale vortices are studied quantitatively.

As information on size and development of the large-eddy structures is very difficult to obtain in naturally-developing
flows, periodical excitation of the jet with frequencies in the neighbourhood of natural instabilities is applied to systemat-
ically create large coherent structures. When bubbles enter such vortices, they can be trapped if certain conditions are ful-
filled; a trapping criterion is developed.

To study trapping phenomena, simultaneous two-phase PIV (particle image velocimetry), DOS (double optical sen-
sors), LIF (laser induced fluorescence) and photographic techniques were applied for tracking the large vortices and bubble
structures. In order to quantify the interaction between bubbles and the large vortices that are formed in the shear layer,
characteristic phase-averaged quantities were determined by PIV and DOS.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

A number of experimental, theoretical and computational investigations of usually quasi-fully-developed
multiphase flows have already been conducted to improve the understanding of complex multiphase flow phe-
nomena. Even simplified topological sketches of the different two-phase flow patterns immediately give rise to
many questions that cannot be easily answered. The mathematical treatment of such multidimensional gas–
liquid flows is very complicated and requires adequate models for the exchange of mass, momentum and heat
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between the phases. In particular, the modelling of turbulence (shear-induced and bubble-induced turbulence),
of turbulence characteristics such as fluctuating velocities, of autocorrelation functions and integral scales of
turbulence, of forces acting on gas flow structures, of phase interactions, of the time-dependent shape and size
of gas–liquid flow structures, of any effects of surfactants and of the interaction between gas and liquid flow
structures are subjects of special interest.

Since one of the objectives of this paper is to analyze coherent structures of liquid and bubbles in bubbly
jets, especially by making use of triggering techniques for producing periodically developing vortex structures
in the jet, a short survey of pertinent work on the subject is given. Most research has, of course, been con-
ducted with single-phase jets; we review these publications first.

There are two types of jet instabilities, the shear-layer mode and the jet-column mode (Zaman and Hussain,
1980; Hussain, 1983). These two distinct modes characterize the conditions for vortex development in the near
field of circular jets.

The first mode is attributed to the instability of the shear layer forming at the jet exit. This mode may be
convective or absolute (Huerre and Monkewitz, 1985), where absolute instabilities can be important for jets
with void fractions above 30%. For the present experiments, only the convective mode is of interest.

The second mode, called jet-column mode, is characterized by a Strouhal number scaled by the jet diameter
D. The preferred mode leads to the formation of large vortices with Strouhal numbers St ¼ f �D

V jet
� 0:3 (f is the

excitation frequency and Vjet is the mean superficial liquid velocity of the jet at the nozzle exit) in the
downstream region of y/D between 2 and 6; y is the axial coordinate (Hussain and Zaman, 1981; Crow
and Champagne, 1971). This mode is called preferred because the first maximum of the centreline vertical-
velocity fluctuation, which occurs at four jet diameters from the jet exit, corresponds to this mode. Periodical
triggering of this or any other mode allows one to produce large coherent structures in the jet. By phase-lock-
ing the measuring equipment to the triggering mechanism, it is possible to analyze coherent structures at var-
ious phases of development (Hussain and Zaman, 1980; Zaman and Hussain, 1980).

Experiments with buoyant, turbulent, single-phase jets were performed by Papanicolaou and List (1988),
and the effect of periodic forcing on mixing in neutral and buoyant jets was analyzed by Mastorakos et al.
(1996). It was found that higher levels of forcing (triggering intensity) were required for turbulent jets than
for laminar ones and that a maximum enhancement of jet mixing with ambient fluid resulted for St = 0.6,
which might have been the consequence of pairing induced by triggering a harmonic together with the basic
mode.

The importance of the large-scale coherent structures producing interactions between the dispersed and the
continuous phase was recognized long ago and was mainly investigated experimentally in planar free shear
layers. Previous analytical work (Ruetsch and Meiburg, 1993) on bubble motion in both isolated vortices
and in temporally-evolving shear layers showed that there is a stable equilibrium point at the vortex center
when the bubble rise velocity is equal to zero. In analytical work (Sene et al., 1994) the effects of the trapping
parameter of the jet shear layer and of the Jet Froude number on the bubble-trapping condition were
examined.

More recently published experimental (Rightley and Lasheras, 2000) and numerical work (Druzhinin and
Elghobashi, 2001) on bubble dispersion in planar free shear layers have shown that the presence of large-scale
structures dominates the dispersion of the bubbles and the energy redistribution within the continuous phase.
An experimental study (Rightley and Lasheras, 2000) of the dispersion of micro bubbles (50 lm) inside a pla-
nar shear layer with very weak forcing (and therefore, corresponding to the naturally-developing shear layer)
provided information on the distribution of the experimentally determined inter-phase momentum transfer
integral which includes the cumulative influence of all terms in the equation of bubble motion on to the con-
tinuous phase. It was shown that the presence of bubbles enhances the kinetic energy of the continuous phase
and that its redistribution across the mixing layer occurs inhomogeneously. The experiment has not provided
significant entrapping of the bubbles inside large coherent structures. The Strouhal number of the most ampli-
fied frequency was 0.032, which is below the forcing frequencies used during the experimental investigations
presented here.

DNS simulation of a 3D bubbly mixing layer (Druzhinin and Elghobashi, 2001) showed an increment of
bubble concentration close to the vortex centres as well as inside the rollers generated by vortex pairing in
the core of the mixing layer. In addition, analysis of the instantaneous two-way coupling source term in
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the equation of the spanwise vorticity showed that bubbles modified the vorticity field by creating neighbour-
ing regions of enhanced or reduced vorticity.

To contribute to the understanding of complex two-phase phenomena and to provide experimental infor-
mation, especially regarding coherent structures, a completely new experimental installation was built and
used to collect extensive experimental data sets. The main goal of our investigations was to reveal the char-
acteristics of large coherent structures in turbulent, periodically-excited as well as in naturally-developed, bub-

bly jet flows.
In the triggered-jet experiments, the shear layer at the jet exit is excited by a small external surging flow with

controllable frequency and amplitude. At the same time, bubbles of uniform size are injected in a controllable
jet flow and tracked with a novel method developed for this purpose. Simultaneous two-phase PIV and pho-
tographic techniques open another promising chapter in exploring two-phase flow phenomena. Thus the inter-
action between coherent structures and bubbles, as well as the feedback of bubble agglomeration on the
development of these structures can be studied.

2. The experiment

The basic idea of this experiment (Milenkovic, 2005) is to create large, orderly structures in a bubbly jet
with controllable frequency and phase, in order to enable their study by statistical means, in particular by per-
forming phase or conditional ensemble averages, and to provide well-controlled conditions for investigating
the interactions between the dispersed (bubbles) and the continuous phase (liquid). Periodical excitation of
the jet at frequencies in the neighbourhood of natural instabilities is applied to systematically create large
coherent structures and to demonstrate their importance. When bubbles enter such vortices, they can be
trapped if certain conditions are fulfilled. The advantage of this approach is that the large, orderly vortices
that appear with controllable frequency in the shear layer and the uniformly-sized bubbles that can be gener-
ated with controlled diameter create bubble movements that can be systematically observed. Such movements
are difficult to analyze in naturally-developing two-phase jet flows.

A photo that illustrates a vortex ring in a single-phase jet is presented in Fig. 1. It was obtained by a LIF
(Laser-Induced Fluorescence) technique (Milenkovic, 2005). The pixel gray level in the photograph corre-
sponds to dye concentration. Based on this photo the following conclusions can be drawn:

• The measured distance between two consecutive vortex rings corresponds to the excitation period. There-
fore, it is possible to roughly estimate the vortex vertical velocity and the size of the vortices at different
positions.
Fig. 1. Photos of the vortex rings obtained by LIF. Pixel values are inverted in order to achieve better contrast. Two vortex rings can be
observed. The small black dots are the seeding particles used for the PIV measurements.
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• There is a peak of the pixel grey-level value close to the centre of the vortices, which can be clearly observed
for a second vortex ring. The distribution of the grey-level values across these vortices has an approximately
Gaussian shape (Milenkovic, 2005).

The positions of the section of the large vortices further downstream are no longer symmetric, because of vor-
tex ring deformations caused by instabilities in the shear layer.

In the case of bubbly flows, an interesting question arising is whether bubbles can be ‘‘trapped’’ in large
vortices of the liquid flow field and if bubble clusters would be formed by the vortex structures. Thus, an
attempt was made to show whether bubble clustering or trapping can be demonstrated in case of naturally-
developing jets by DOS and PIV. If these techniques are applied in a standard way, only the spatial
distribution of local statistical quantities can be measured. Since bubble clustering and trapping in case of
naturally-developing jets are stochastic processes, it is very difficult to deduce relevant information regarding
size of the structures, azimuthal vorticity distribution and bubble/liquid velocities across these structures from
distributions of statistical properties. Therefore, it was decided to externally and periodically excite the bubbly
jet.

The experiments have been carried out with a vertical water jet (called here single-phase jet) as well as a
water jet containing bubbles of various well-controlled sizes and volume fractions (called here bubbly jet);
the jet is injected into a water volume contained in a large Plexiglas tank to minimize wall effects. Unperturbed
flows, with constant inlet flow rate of liquid and gas are here referred to as naturally-developing jets. If the jet
flow is periodically excited with controlled frequency and amplitude, it is called triggered jet. The excitation is
achieved by periodically modulating the jet shear layer by means of a coaxial water layer (EF) injected close to
the jet exit through a separate nozzle (Fig. 2).

The gas/liquid injector and a schematic of the experiment (Milenkovic, 2005) are presented in Fig. 2. To
produce the bubbly jet with uniform, but variable, bubble sizes, a special injector has been developed after
a series of experiments carried out with different configurations (Milenkovic and Fehlmann, 2005). The opti-
mal configuration of tubes and needles for forming bubbles with uniform size in the range between 1 and 6 mm
was presented in more detail by Milenkovic and Fehlmann (2005). Bubbles are formed by continuously inject-
ing air (AF) through the needles into the co-currently flowing internal liquid flow (ILF). The jet flow is formed
afterwards by adding the second, external liquid flow (ELF).

The main dimensions of the experimental setup are:

• Diameter of the jet nozzle: D = 90 mm.
• Diameters of the injector tubes: do/di = 4.0/3.4 mm.
• Diameters of the excitation ring-nozzle: Do/Di = 98/96 mm.
• Number of injector tubes and needles: Nit = 39.
• Horizontal dimensions of the tank: L = 1200 · 1200 mm.
• Height of the tank: H = 2240 mm.
• Water level in the tank: HL = 1200 mm.

3. Experimental techniques

3.1. PIV (particle image velocimetry) and photographic techniques

In order to obtain time-averaged fields in case of naturally-developing jets, as well as phase-averaged veloc-
ity and vorticity fields at various phases of the triggering period (i.e., positions of the vortices in the flow field)
in case of periodically triggered jets, a standard, commercial PIV system was used. It consists of a dual-cavity
laser and two CCD cameras that work in a two-frame, double-exposure mode. A 2 mm laser light sheet illu-
minated a mid plane of the axisymmetric jet, while the two cameras with the beam splitter were aimed perpen-
dicularly to the laser light sheet. The first camera with a green filter captured reflections from the bubbles,
while the second camera with a red filter acquired the images with light emitted from the fluorescent seeding
particles used in the experiment. These were 40 lm fluorescent (Rhodamine-B) particles. Therefore, the first



Fig. 2. Schematic of bubbly jet production. The injector shown at the bottom at a much larger scale has 39 injection needles (only one
shown).
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camera was used for the measurement of bubble velocities, whereas the second one enabled measurement of
liquid velocities. The dimensions of the fields of view used were 138 · 138 mm and 220 · 220 mm in different
series of tests. For the smaller field of view, the optical resolution of 1 pixel corresponded to about 140 lm,
and the size of the chosen interrogation area (IA) was 64 · 64 pixels or about 9 · 9 mm. The same setting was
used for obtaining velocity fields of the liquid and of the bubbles. The second field of view was used for esti-
mating the velocity of the vortex and of the bubble ring discussed later. The time between two laser pulses was
adjusted to obtain a maximum particle displacement of less than 16 pixel (i.e., 25% of the IA). The error in
velocity measurements corresponded to about 1% of the maximum value, if the resulting displacement uncer-
tainty is 0.1 pixel (Dantec, 2000).

Neither CFD (Computational Fluid Dynamics) methods nor experimental techniques like PIV produce
results with infinitesimal resolution in space or time; both imply some inherent filltering. For a thorough dis-
cussion of experimental results obtained by PIV and their comparison with CFD results, it is therefore nec-
essary to properly define and distinguish different filtered quantities. Filtering means that a time- and
space-dependent quantity is multiplied with a weight function and integrated over an interval in time or space.
The PIV signals can be decomposed into average and fluctuating components. An inherent characteristic of
PIV results is that they are both filtered in space as well as in time. Space filtering in PIV is applied over
the interrogation volume (area · laser light sheet thickness). In PIV the size of the interrogation volume is
roughly constant, which means that a constant size of the interrogation mesh is chosen for processing the
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images. The successive image correlation technique applied for acquiring the average velocity in the IA pro-
vides an inherent space and time filtering, with the characteristic lengths: size of IA and time delay between
two successive laser flashes.

The time steps in CFD and PIV have the same order of magnitude, although the criteria for their selection
are, of course, different. In the case of two-phase flow a new fundamental problem arises. The selection of the
PIV interrogation area depends on the bubble diameters and turbulent length scales to be resolved. The PIV
method applied here was used for resolving the large eddy structures. The IA was large enough to contain one
or more bubbles, as the PIV mesh size should not be smaller than the characteristic length scale of the dis-
persed phase, i.e., the bubble diameter.

Another question is whether the measured bubble velocity is correct if the bubble size is comparable to the
IA size. The size of the interrogation area should be large enough to contain the strongest reflections of the
bubbles in order to achieve sufficient statistical accuracy for estimating the cross-correlation function. For
the same total intensity of laser light reflected from the bubbles in an IA, the reflections can consist of many
small spots from several small bubbles or, at the other extreme, by one large patch from a large unique bubble.
The cross-correlation function produced by the small bubbles is more strongly peaked (provided that bubble
reflections patterns are very similar in the two consecutive exposures) than in the case of one large bubble. The
statistical error of the velocity calculations might, therefore, increase with bubble size. Nevertheless, the reflec-
tions emitted by a relatively large bubble that extents over a considerable part of the IA exhibit a characteristic
intensity structure which still leads to meaningful results of the peak of the cross-correlation function and thus
the velocity calculation.

On the other hand, the size of the large structures that are visualized experimentally by PIV must be con-
siderably larger than the size of the IA as well as that of the bubbles in order that interaction effects between
large vortices and bubbles can be investigated. In particular, if the bubble trapping phenomenon is investi-
gated, the size of the large vortices should obviously be considerably larger than the size of the bubbles to
be tracked inside them.

Considering now the liquid velocity measurements for a successful application of the cross-correlation algo-
rithm, the number of particles per IA should be at least 5 (Dantec, 2000). If an adequate seeding density is
ensured, i.e., 5–10 particles per IA, the void areas caused by the presence of bubbles do not contribute signif-
icantly to the measurement errors; the liquid velocities remain cross-correlated averages over the IA occupied
by the liquid and correctly do not include missing data from the areas occupied by the bubbles. Such an ade-
quate seeding density for PIV measurements was achieved with our dosing system (Milenkovic, 2005).

A statistical analysis of PIV results (Raffel et al., 1998) requires an ensemble consisting of a large number of
vector maps. Depending on the flow conditions, the basic PIV settings and, especially, the quality of feeding
the flow with seeding particles, the number of rejected velocity vectors per vector map may vary. For the
experiments with naturally-developing jets, performed at the constant acquisition frequency of 15 Hz, 1024
vector maps were acquired. Assuming that 50% of the vectors were accepted for a given point (an IA) in
the shear layer (i.e., Nv = 512), the theoretical statistical error of the mean velocity is less than 2% for a stan-
dard deviation of the velocity measurements of 30% and about equal to the resolution error of the PIV mea-
surements. The theoretical statistical error of the variance is less than 10%. A similar error analysis was
presented by Ullum et al. (1998).

In addition to the PIV cameras, a third digital camera was used to capture pictures of bubbles and bubble
structures, especially for the triggered experiments.

3.2. Vortex tracking

In order to obtain velocity and vorticity fields at various phases within the triggering period, showing dif-
ferent positions of the vortices in the flow field, a data acquisition scheme has been devised that is synchro-
nized with the excitation of the jet. PIV acquisition is started by the periodic external signal from an
encoder, which covers two excitation periods. The PIV recordings were acquired with higher frequency (in
our cases 12 Hz or 15 Hz, depending on the excitation frequency). For instance, at the excitation frequency
of 2 Hz, six shots per excitation period can be captured with a PIV acquisition rate of 12 Hz, allowing
phase-averaging at six different times within the excitation period to be performed. The data acquired this
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way yield information on deformations, size modifications and velocity of the vortex ring. This acquisition
method, called here vortex tracking method, is a very useful tool for tracking large vortices in a flow field
(Milenkovic, 2005; Milenkovic et al., 2005).

3.3. Double optical sensor (DOS) measurements

A standard instrument, often used in bubbly flows, is the double optical sensor. Void fraction (e), number
of bubbles (N), bubble chord-length distribution and vertical bubble velocity (VB) can be measured by DOS.
The double optical sensor used in our tests for void fraction and bubble velocity measurements was horizon-
tally oriented and had a vertical distance between tips of Dytips = 0.75 mm; the tips were vertically aligned.
Earlier tests done with this configuration were presented by Kubasch (2001). It was shown that sensor orien-
tation has very little influence on the void fraction measurements and no effect on bubble frequency measure-
ment for the range of bubble sizes investigated here. Comparison of bubble velocity measurements by PIV and
DOS for turbulent flow conditions with high-bubble concentration (Milenkovic, 2005), showed that the veloc-
ities measured by DOS are larger than those obtained with PIV. As reported by Le Corre and Ishii (2002), an
overestimation of the bubble velocity by up to 30% is expected for regions of the flow field where the bubble
velocity fluctuations cannot be neglected. In general, the DOS-measured bubble velocities may be influenced
by many factors such as sensor response, sensor geometry, bubble shape and bubble velocity fluctuations (Le
Corre and Ishii, 2002).

The mean void fraction at a local position in the flow field is defined as the ratio between the time when air
is present at the upstream sensor tip and the total measuring time; the mean void fraction is estimated by aver-
aging the void signal over a long-time period.

The vertical component of the bubble velocity, VB, is defined as the ratio between the tip separation dis-
tance and the measured time of flight. The bubble velocity is obtained by averaging over a suitably long-time
that must be properly chosen to obtain statistically secured results. The data acquisition time varied between
300 and 600 s, depending on bubble concentration, making the vertical bubble velocity measurements long-
time, local averages.

In order to perform phase averaging of the experimental results for void fraction and bubble velocity in case
of triggered jets, the data acquisition was triggered again by the external encoder signal. An integer number of
excitation periods (usually 6000 periods containing data) were recorded. Each excitation period was subdi-
vided into an integer number of equal intervals. For instance, the excitation period of 0.5 s was divided into
25 intervals of 0.02 s. Bubble number, void fraction and bubble velocity data were averaged over the total
number of periods for each of these intervals (ensemble average). The selected time resolution should be ade-
quate for distinguishing trapped from non-trapped bubbles in phase-averaged void fraction and bubble veloc-
ity distributions. If, for instance, the velocity of the vortex ring displacement is about 0.27 m/s, the time
interval of 0.02 s corresponds to a vertical displacement of a trapped bubble of about 5.5 mm. The void frac-
tion generated by trapped bubbles would then be averaged over Dy = 5.5 mm, which is comparable to the bub-
ble size. In addition, for regions with low-bubble concentration, i.e., the jet shear layer, the total number of
periods for phase-averaging must be sufficient for statistically meaningful results.

4. Bubble movement and trapping in large shear-layer structures

In order to study interactions between bubbles and large eddies formed in the shear layer and especially
bubble trapping phenomena, it is necessary to consider the equation of motion of a single bubble and to deter-
mine the velocity field of the liquid. Despite the fact that flow conditions for bubble trapping are in reality
more complex, the approach presented here can be used to check whether the conditions for bubbles to reach
an equilibrium position in large vortices are fulfilled.

4.1. Simplified condition for bubble trapping

For the derivation of a trapping criterion, a simplified cylindrical vortex with axis normal to the buoyancy
direction moving uniformly in the x–y plane is considered and the forces acting on a single bubble are formu-
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lated. Trapping of the bubble is then defined as the existence of an equilibrium position of the bubble inside
the vortex. A more general form of trapping is that of a bubble moving relative to the vortex axis, but remain-
ing inside the vortex (Sene et al., 1994; Magnaudet and Eames, 2000). More information on these criteria can
be found in Section 5.1. Furthermore, in vortices tilted with respect to the direction of gravity, a trapped bub-
ble would move along the vortex axis.

The large, coherent, toroidal vortices surrounding the jet travel vertically with about half the mean jet
velocity (Vjet) (Crow and Champagne, 1971). For simplicity, these toroidal objects are replaced by cylindrical
vortices with axis normal to the x–y plane in Fig. 3. It is assumed that their vorticity xz has an approximately
Gaussian shape, i.e.,
xz ¼ xo � e
�r2

R2
v ð1Þ
As
xz ¼
1

r
� o

or
ðr � UuÞ ð2Þ
one gets
Uu ¼
1

r
�
Z r

0

xz � r0 � dr0 ¼ xo � R2
v

2 � r � 1� e
�r2

R2
v

� �
ð3Þ
where Rv = DV/2 is the effective radius of the vortex shown in Fig. 3. This Gaussian vortex satisfies the time-
dependent Navier–Stokes equations if xo � R2

v ¼ const.
The simplified equation of bubble motion used (Sene et al., 1994; Auton et al., 1988) includes only four

vector forces, buoyancy (B), drag (D), Inertia (I) and lift (L), which determine bubble movement in the flow
field (see Fig. 3). It reads
Cm
dVB

dt
¼ �g� 3

4
� Cd

d
� jWj �Wþ ð1þ CmÞ �

DLVL

Dt
� Cl � ½W� ð$� VLÞ� ð4Þ
r

B

L

I
D

xz

y

ϕ

Dv

Uϕ

Fig. 3. Forces acting on a single bubble in a vortex.
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with
DL

Dt
¼ oðÞ

ot
þ V L � rðÞ ð5Þ
where the vectors VL, VB and W = VB � VL are the liquid, bubble and relative velocities, respectively. Cm, Cd

and Cl are the added mass, drag and lift coefficients, respectively.
The radial components of L, I, B acting on a bubble at an equilibrium position are
Lr ¼ Cl � Uu � xz ¼ Cl �
xo � R2

v

2 � r � 1� e
�r2

R2
v

� �
� xo � e

�r2

R2
v ð6Þ

Ir ¼ �ð1þ CmÞ �
U 2

u

r
¼ �ð1þ CmÞ �

x2
o � R4

v

4 � r3
� 1� e

�r2

R2
v

� �2

ð7Þ

Br ¼ g � cos u� p
2

� �
¼ g � sin u ð8Þ
Neglecting the time dependence of the vortex shape, the following condition must be fulfilled at an equilibrium
position of the bubble inside the vortex
Lr þ I r þ Br ¼ 0 ð9Þ

which results in
sin u ¼ ð1þ CmÞ �
x2

o � R4
v

4 � r3 � g � 1� e
�r2

R2
v

� �2

� Cl �
x2

o � R2
v

2 � r � g � 1� e
�r2

R2
v

� �2

� e
�r2

R2
v ð10Þ
Similarly, the azimuthal components of B and D are
Bu ¼ g � cos u ð11Þ

Du ¼
3

4
� Cd

d
� U 2

u ¼
3

4
� Cd

d
� x

2
o � R4

v

4 � r2
� 1� e

�r2

R2
v

� �2

ð12Þ
For equilibrium conditions, the drag coefficient Cd, which, in general, depends on the relative velocity between
bubble and liquid, may be replaced by the drag coefficient CdT that corresponds to the terminal velocity of the
bubble VT. Thus with
3

4
� Cd

d
¼ g

V 2
T

ð13Þ
where d is the bubble diameter, one obtains
Du ¼
g

V 2
T

� x
2
o � R4

v

4 � r2
� 1� e

�r2

R2
v

� �2

ð14Þ
For equilibrium
Bu þ Du ¼ 0 ð15Þ
and therefore
cos u ¼ � x2
o � R4

v

4 � V 2
T � r2

� 1� e
�r2

R2
v

� �2

ð16Þ
Rearrangement of Eqs. (10) and (16) gives
sin u ¼ x2
o � Rv

4 � g � f1

r
Rv

� �
ð17Þ

� cos u ¼ x2
o � R2

v

V 2
T

� f2
r

Rv

� �
ð18Þ
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with
Fig. 4.
Frb Æ b
f1
r

Rv

� �
¼ Rv

r
� 1� e

�r2

R2
v

� �
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In order to be stable, the equilibrium points must lie at r
Rv
< r1

Rv
where the function f1

r
Rv

� �
has its maximum.

This can be shown by checking the direction of the net force acting on a bubble slightly displaced from the
equilibrium position. The general trapping criterion can be obtained by noting that
sin2 uþ cos2 u ¼ 1 ð21Þ

i.e.,
Fr2
x � f 2

1

r
Rv

� �
þ C4

x � f 2
2

r
Rv

� �
¼ 1 ð22Þ
Here, the Vortex Froude number Frx ¼ x2
o�Rv

4�g and the vortex trapping parameter Cx ¼ xo�Rv

V T
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duced. They are related by
Frx ¼
x2
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v
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where Frb ¼
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T

2�g�d is the Bubble Froude number and b ¼ d
2�Rv

the length scale ratio. Frb can be replaced by 3
2�CdT

.

From Eqs. (10)–(23):
Cx ¼
1

Fr2
b � b

2 � f 2
1

r
Rv

� �
þ f 2

2
r

Rv

� �
0
@

1
A

1=4

ð24Þ

Frx ¼
Frb � b

Fr2
b � b

2 � f 2
1

r
Rv

� �
þ f 2

2
r

Rv

� �� �1=2
ð25Þ
Eqs. (24) and (25) relate Cx and Frx to the equilibrium radius r.
The minimum values of Cx and Frx required for trapping are obtained if the maximum allowable value for

r
Rv

is used. For the usual values of Cl = Cm = 0.5, the functions f1 and f2 have their maxima at r1

Rv
¼ 1:027 and
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r2

Rv
¼ 1:121, respectively. For simplicity, f1

r
Rv
¼ 1

� �
and f2

r
Rv
¼ 1

� �
are used now for calculating the minima of

Cx and Frx that are required for trapping. The results are plotted in Fig. 4 as functions of Frb Æ b. These results
are used for quantifying the bubble trapping condition inside large vortices at different locations in the flow
field.

The trapping condition C ¼ DV
V T
> 2 given by Sene et al. (1994), where DV is the velocity difference between

two fluid streams forming a shear layer, is a simplified form of the more exact bubble-trapping requirement
derived here, which depends on bubble and vortex size. The condition can be expressed in terms of either num-
ber, Cx or Frx, and the two quantities are equivalent in this case.

In the discussion by Sene et al. (1994) and Magnaudet and Eames (2000), the effect of vortices on bubble
motion are governed by a trapping parameter and by a Froude number which are defined somewhat differ-
ently. More explanations can be found in Section 5.1.

With the definition of Cx Eq. (24), the minimum value of xo,min required for trapping a bubble inside a
Gaussian vortex is
xo;min ¼ Cx;min �
V T

Rv

ð26Þ
Fig. 5 shows xo,min as a function of the bubble diameter and the vortex radius for water at 20 �C and bubbles
in the wobbly regime.

Since the vorticity of the liquid phase inside the vortex structures can be directly estimated from PIV mea-
surements, the data presented in Fig. 5 can be used for given bubble and vortex size to estimate quickly
whether the conditions for bubble trapping are fulfilled or not.

Magnaudet and Eames (2000) noted that Cd and Cl depend on shear and bubble deformation, so that the
trapping condition (Eqs. (24) and (25)) could be affected. In order to discuss the effect of changing Cl, the
approximate range within which Cl may vary has to be estimated. According to Magnaudet and Eames
(2000), Cl lies between about 0.2 and 0.35 inside a vortex. Experimental data obtained in simple sheared
air–water systems (Tomiyama et al., 2002) show that the lift coefficient of small bubbles (0 < d < 5 mm) takes
values ranging from 0 to 0.3, whereas for big bubbles (d > 6 mm) the lift coefficient ranges between 0.15 and
�0.3. In order to illustrate the effect of different values of Cl on the trapping parameter and the Vortex Froude
number, a range of �0.25 < Cl < 0.5 is chosen and the results plotted in Fig. 6. To obtain the results presented
in Fig. 6, the fact that the radius r1 where the function f1 reaches its maximum decreases with diminishing Cl

has been taken into account. The diagram shows that for negative (Cl = �0.25) or vanishing (Cl = 0) lift force,
bubbles can be more easily trapped than in the case of Cl = +0.5.

The effect of shear on Cd can be determined based on results by Legendre and Magnaudet (1998), where it is
stated that the drag coefficient increases with shear, i.e.,
CdðReb; SÞ ¼ CdðReb; 0Þ � ð1þ 0:55 � S2Þ ð27Þ
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Fig. 6. Effect of the lift coefficient on the vortex trapping parameter and on the Vortex Froude number.
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where Reb is the Bubble Reynolds number
Reb ¼
jW j � d

m
ð28Þ
W is the relative velocity and S, the non-dimensional shear rate, in case of plane shear, is
S ¼ oV L

ox
� d
jW j ð29Þ
where VL is the vertical velocity of the liquid. At an equilibrium position inside a Gaussian vortex, and for
cylindrical geometry (Spurk, 1987)
S ¼ r � o

or
Uu

r

� �
� d
Uu

ð30Þ
and using Eq. (3)
S ¼ d
2 � Rv

� 4 � Rv

r
� r2

R2
v

� e
�r2

R2
v

1� e
�r2

R2
v

� �� 1

2
664

3
775 ð31Þ
The absolute value of S increases almost linearly with r
Rv

and reaches the value of 1.672 Æ b at r
Rv
¼ 1. Thus, the

maximum value of the correction factor for Cd is
1þ 1:54 � b2
For a bubble with d = 2 mm inside a vortex with Rv = 10 mm (i.e., b = 0.1) one obtains
ð1þ 0:55 � S2Þ < 1:0154
and for a bubble with d = 6 mm (i.e., b = 0.3)
ð1þ 0:55 � S2Þ < 1:138
We conclude that the correction factor for Cd does not significantly change the trapping condition, but it facil-
itates trapping in all cases.

The discussion of flow-induced changes of Cl and Cd shows that bubble deformation and shear tend
to promote trapping, although the vortex region where equilibrium of forces can exist decreases if Cl is
reduced.
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5. Experimental results for naturally developing jets

Experimental results for naturally developing jets are presented to make the advantages of triggering the jet
evident and to compare data for naturally-developing and triggered jets. These results also show what happens
if the trapping conditions are not fulfilled and therefore represent a baseline for further study of triggered jets.
The data were obtained for a turbulent bubbly jet with mean superficial liquid velocity at the nozzle exit,
Vjet = 0.45 m/s, homogeneous void fraction of 3.4% and bubble diameter d of about 2 mm. This test condition
was initially chosen to create an inertia-dominated flow with the highest possible values of the non-dimen-
sional parameters that could be achieved with the existing water pump and the installed jet nozzle
(D = 90 mm).

The trapping conditions defined by Sene et al. (1994) were not fulfilled at a downstream distance from the
nozzle of 4D where the large vortices reach their maximum strength (Crow and Champagne, 1971) because the

Froude number Frv ¼
V 2

jet

2�g�d (where d is the characteristic vortex diameter, which equals D/2 at a distance 4D

from the nozzle exit (Crow and Champagne, 1971)), was less than 1 and the trapping parameter C ¼ V jet

V T
(where

VT is the terminal bubble rise velocity), was only about 1.7. Despite this, the flow regime was investigated to
examine whether bubble trapping could be found closer to the nozzle exit where the vortex diameter d is smal-
ler and the local Frx and Cx would possibly be large enough.

Profiles of the mean vertical velocity of the bubbles and of the liquid obtained by PIV are presented in
Fig. 7a. Bubbles have higher velocity than the liquid at all downstream positions in the shear layer, which
appears to indicate that they are not trapped inside large structures formed in the mixing layer. One has to
add, however, that only a fraction of the bubbles that would be detected at radial positions of the jet where
large vortices occur can be trapped inside such vortices.

The azimuthal vorticity presented in Fig. 7b is produced by the mean shear. Its maximum in the shear layer
at y = 100 mm (y/D = 1.12) from the nozzle exit is about 25 s�1. The thickness of the shear layer is about
25 mm. If one assumes that the radius of the large structures in the shear layer corresponds to half its thick-
ness, the non-dimensional parameters presented above can be calculated in order to check the trapping con-
ditions. The terminal rise velocity for 2 mm bubbles is about 0.3 m/s. Based on these values, the vortex
trapping parameter is 1.03, while the Vortex Froude number is 0.18. The minimum values required for trap-
ping bubbles inside a Gaussian vortex with a radius of 12.5 mm calculated with the criteria presented above,
are 2.9 for the vortex trapping parameter and 1.5 for the Vortex Froude number. Basically the trapping con-
ditions are not fulfilled. However, as the random formation of larger vortices is possible, the peak vorticity
inside these structures can be expected to be higher than the mean value.

The results thus prove that significant and evident bubble trapping could not be found in the chosen case.
In order to fulfil the trapping condition, jet flow conditions with higher values of Froude number and trapping
parameter must be reached.
5.1. Statistical analysis of DOS results

In order to test whether bubble clustering could be detected by the DOS, a statistical analysis was conducted
to show whether the number of bubbles hitting the probe per time interval deviates from that of a probabilis-
tically uniform bubble density distribution. A second goal was to find whether the bubble velocity depended on
the bubble density or the corresponding void fraction obtained by averaging over small time intervals.

Since the void fraction is given by the time fraction during which bubbles contact the sensor, it is obvious
that, if the measurement-time intervals are small, this ‘‘void fraction’’ fluctuates stochastically between 0 and 1
and no longer has the original physical meaning of volumetric void fraction. However, the number of bubbles
hitting the sensor per time interval can be precisely counted and statistically analyzed. Correlations of detected
‘‘void fractions’’ with appertaining bubble velocities are presented for a location in the shear layer at
x = +50 mm and y = 350 mm (y/D = 3.9), Fig. 8.

The statistical analyses of the experimental data have been performed by dividing the total measuring per-
iod into intervals of 0.02 s or 0.1 s. If the mean bubble velocity is about 0.6 m/s, the DOS data, that are aver-
aged over a time interval of 0.02 s are thus effectively averaged over a vertical distance of 12 mm whereas the
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time interval of 0.1 s corresponds to a vertical distance of 60 mm. Thus, assuming that the diameter of the
large vortices is about 25 mm, the time interval of 0.1 s is too large for resolving bubble structures produced
by these vortices, but as mentioned before, a smaller time interval means that there are fewer events available
for averaging and therefore, void fractions obtained by integrating the bubble signals over small time intervals
vary within a very wide range.

Since the total number of bubbles in the shear layer is considerably smaller than at the jet centre, the longer
time intervals were chosen there to increase the probability of detecting more than one bubble per time
interval.

The correlation between bubble velocity and void fraction is presented in Fig. 8a for a point in the shear
layer. Although the ‘‘void fraction’’ and bubble velocity data are correlated in this case, this result is not



0 1 2 3 4 5

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8  Experimental results
 Poisson distribution (λ =0.3)

Pr
ob

ab
ilit

y 
of

 b
ub

bl
e 

nu
m

be
r p

er
 ti

m
e 

in
te

rv
al

s

Number of bubbles, N
0 1 2 3 4 5 6 7 8 9 10

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

V B [
m

/s
]

ε [%]

a b

Fig. 8. (a) Correlation between velocity and void fraction at x = +50 mm, y = 350 mm (interval of 0.1 s) and (b) probability of detecting
N bubbles per time interval of 0.1 s for the point at x = +50 mm and y = 350 mm.
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produced by the mean shear because the measured velocity decreases with e, opposite to the effect that the
mean shear would have, because fluid lumps coming from inside the jet contain more bubbles and have higher
axial velocity than those coming from outside. The real reason for the observed correlation lies in the fact that
the bubble residence times are not short compared to the integration time interval of 0.1 s. Slow bubbles with
long residence times give rise to large e values since the probability that more than one bubble is detected in a
time interval is relatively small, independent of the velocity.

The probability of detecting N bubbles per time interval and a comparison with a Poisson distribution are
presented in Fig. 8b. The figure does not show a significant deviation from the Poisson distribution, although
this may be caused by the too-small probability of detecting more than one bubble per time interval. In order
to find a deviation from the Poisson distribution, a larger bubble density would have been required for the
given time interval. These statistical analyses of DOS measurements thus do not show any clustering of bub-
bles in the shear layer of naturally-developing jets and the apparent correlation between e and VB is only a
fortuitous result.

It is obviously very difficult to obtain information on the size and the development of the large eddy struc-
tures in naturally-developing flows, as well as to quantify the interaction between bubbles and the large vor-
tices that are formed in the shear layer. For correlating flow characteristics such as bubble and liquid
velocities, as well as void fraction, it would have been necessary to develop new or to improve existing exper-
imental techniques for the simultaneous measurement of these quantities. The simultaneous PIV measure-
ments that were performed during this study represent a very first, basic step as they resolve only the
velocity fields in two-phase flow. Processing of the images to also obtain information on bubble concentration
inside the interrogation area could, however, be a tempting task for future investigations.

If, however, coherent structures are periodically produced, bubble movements inside these structures can be
systematically analysed. In order to investigate the possibility of using the DOS technique to obtain phase-
averaged void fraction and bubble velocity data, the triggered experiment presented in the next section was
conducted.

6. Experimental results for triggered jets

The results presented now (St = 0.6, f = 2 Hz (Milenkovic, 2005)) were obtained for a turbulent bubbly jet
with mean superficial liquid velocity at the nozzle exit of V jet ¼0.32 m/s, homogeneous void fraction of 3.4%
and bubble diameter of about 4 mm. The analytical approach (Section 4.1) shows that large bubbles can be
more easily trapped inside Gaussian vortices than small ones because they require smaller vorticity. This is
mainly due to the reduced strength of the lift force (see discussion on the variation of the lift coefficient Cl
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with bubble diameter in Section 4.1). Therefore, bubbles with diameter of 4 mm instead of 2 mm, as in the
experiment with a naturally-developing jet, were used now. The triggering frequency f, which corresponds
to a Jet Strouhal number St ¼ D�f

V jet
¼ 0:6, was 2 Hz. Earlier tests performed with triggered single-phase jets

(Milenkovic, 2005) indicated that forcing at higher Strouhal number raises the peak vorticity and reduces
the distance between two consecutive vortex rings. The Jet Reynolds number was Rejet ¼ V jet�D

m ¼ 30275.
The variation of the triggering-velocity for this test is presented in Fig. 9. It is the velocity of the excitation

flow at the exit of the triggering nozzle, obtained from the measured modulated flow rate.

6.1. Bubble ring

Bubble trapping is the condition of bubbles reaching an equilibrium position within the vortices (as defined
in Section 4.1) and travelling with them at the same velocity. If a sufficient number of bubbles reach such posi-
tions in the toroidal vortices, a bubble ring is formed. The photograph of Fig. 10 illustrates this phenomenon.
The generation of a bubble ring (Fig. 11) that travels with the same velocity as the vortex is a clear indication
of bubble trapping inside the vortex. The velocities of both vortex and bubble ring can be estimated from the
data acquired by the PIV vortex tracking method with or without illumination of the flow field with back-light
(for more details see Milenkovic et al., 2005; Milenkovic, 2005). Visualization tests were conducted by inject-
ing fluorescent dye in the vortices (white clouds in Fig. 11). These pictures show strong deformations of the
bubble ring (Fig. 11).
Fig. 10. Perfectly aligned bubbles in a bubble ring.



Fig. 11. Sequence of two photos of the vortex ring with bubble trapped close to the vortex center. The pictures, acquired with time interval
of 66.7 ms, show almost the same position of the trapped bubble close to the vortex center, which means that it travels downstream at the
same vertical velocity as the vortex.

1104 R.Ž. Milenković et al. / International Journal of Multiphase Flow 33 (2007) 1088–1110
6.2. Phase-averaged velocity fields obtained by PIV

A typical result for the vorticity field obtained by PIV when the centre of the vortex ring lies at y � 100–
105 mm is shown in Fig. 12. The position of the bubble ring for this phase is shown in Fig. 11. Phase-averaged
profiles of the vertical velocity of the bubbles (VB) and of the liquid (VL), as well as of the azimuthal vorticity
below and across the vortex ring (at y = 84, 91, 98 and 105 mm), are presented in Fig. 13. The vortex centre on
the right side is at about y = 105 mm. These data are presented in order to compare bubble and liquid veloc-
ities in and below the vortex ring and to check whether the simplified criterion for bubble trapping (Section
4.1) is fulfilled or not.

The velocity of the bubbles inside the vortex ring at x � 60 mm is in this case higher than the liquid velocity
at the same x-coordinate and about the same as the vertical velocity of the vortex centre (about 0.26 m/s),
obtained by the vortex tracking method mentioned above. This indicates that the bubbles are trapped at this
location and they travel with the same velocity as the vortex ring. In order to check whether the analytical
Fig. 12. Phase-averaged azimuthal vorticity of the liquid. The jet centerline is at X = 108 mm.
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trapping conditions are fulfilled, the size of the vortex and the maximum vorticity at the vortex center have to
be estimated. Fig. 13d shows a Gaussian fit of the azimuthal vorticity of the liquid through the vortex centre at
y = 105 mm. Measured maximum vorticity at the vortex centre is about �48 s�1. The vortex radius estimated
from this fit is about 15 mm. The terminal bubble rise velocity for 4 mm bubbles is 0.24 m/s. Based on these
values, the vortex trapping parameter is 3 and the Vortex Froude number 0.88. The minimum values required
for trapping of bubbles inside a Gaussian vortex with radius of 15 mm based on the criteria presented above
(Fig. 4) are 3.1 for the vortex trapping parameter and 0.92 for the Vortex Froude number. Thus, the trapping
conditions are fulfilled.
6.3. Phase-averaged void fraction and vertical bubble velocity measured by DOS

DOS data have been acquired for the same flow conditions at the elevations y = 100 mm and y = 200 mm
for points in the jet centre, at the jet boundaries, and in the shear layer (Milenkovic, 2005). Only the results
from the shear layer are discussed here.

As already mentioned above, in order to obtain a statistically sufficient number of events, especially for
points located in the low-bubble concentration regions (in the shear layer), the total number of excitation peri-
ods used for phase-averaging must be high. This means very long measurement times, fairly high demands on
DOS signal stability and high-precision hardware. Therefore, data acquisition was carried out for 6000 exci-
tation periods for points with low-bubble concentration and for 3000 periods for points with higher bubble
concentration. Each excitation period of 0.5 s was subdivided into 25 intervals of 0.02 s. The bubble number,
void fraction and bubble vertical-velocity data were phase-averaged for each of the intervals.

Experimental results at two different locations, y = 100 mm and y = 200 mm at the boundary of the shear
layer (x = 45 mm) are presented in Fig. 14. At this radius, shear-layer vortices entrain bubbles together with
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the liquid into the mixing region. The results show the time-dependence of the phase-averaged bubble velocity
and of the void fraction during an excitation period. The phase-averaged DOS data indicate bubble clustering
correlated with coherent vortex structures. The bubble velocity points (VB,A and VB,B) peaks at times when a
minimum void fraction is measured. The interrelation between vertical bubble velocity and void fraction
shows the influence of the liquid velocity field outside the vortex rings. The increased bubble concentration
during certain phases is mainly caused by a bubble wave driven radially outward ahead of the large vortices,
while low concentration indicates phases where the sensor tips are inside the zone behind the bubble wave. The
bubbles that arrive at the sensor tip have different mean velocity and direction of flow at different phases of the
excitation period. The apparently high-bubble velocity prevailing during the low-void phase (Fig. 14) could be
caused by the shear layer pulsation. The bubble velocity measurements conducted by DOS may, however,
have been partly impaired by the biasing effect resulting from the non-alignment of probe tips and bubble
velocity direction, as discussed by Milenkovic (2005).

The time delay between the void fraction maxima (eA and eB) at the two different elevations in Fig. 14, mea-
sured at the same radial position in the shear layer (x = 45 mm), is about 0.28 s for the vertical distance of
100 mm. The resulting downstream travelling velocity of the bubble wave of 0.36 m/s is distinctly higher than
the value for the vortex velocity obtained by PIV. This difference indicates that the bubble density wave
appears to drift relative to the coherent liquid vortices.

Experimental results for points in the shear layer at x = 45, 53, 54, 57, 62 and 66 mm and y = 100 mm are
presented in Fig. 15. The results show that the void fraction decreases towards the boundaries of the jet, as
expected. The void fraction peaks, especially for the points at x = 62 mm and 66 mm, may correspond to
trapped bubbles, i.e., bubbles which belong to the bubble ring. The PIV data presented in Fig. 12 show that
these points are located close to the vortex centre where bubble trapping occurs.

DOS results for the points at x = 45, 53, 54 and 57 mm indicate a strong variation of the bubble density.
These points are located in a region of the vortex where bubbles are not expected to be trapped. Based on PIV
data, the latter three points are very close to the vortex centre, where few bubbles can be trapped. The shapes
of the periodic void fraction variation at different axial locations in the shear layer are just shifted in time and
differ in amplitude. Obviously, PIV and photographic recordings would be needed to fully record the bubble
and liquid velocity fields and to show how they interact. The results provide quantitative information on the
development of a periodically triggered bubbly jet and can be used for comparisons with results of time-depen-
dent LES (Large Eddy Simulation) calculations for the same flow and boundary conditions.

Experimental results for points in the shear layer at x = 45, 47, 49, 51, 53 and 55 mm at the higher eleva-
tion, y = 200 mm are presented in Fig. 16. A strong variation of the bubble density is still visible for all x-coor-
dinates, but the mixing process in the shear layer causes the void fraction to become temporally more uniform
than at y = 100 mm, especially for x > 50 mm.
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Fig. 15. Variation of the void fraction and of the vertical bubble velocity during the excitation period (for points in the shear layer at
y = 100 mm).
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The periodic variation of the void fraction clearly indicates the existence of coherent bubble structures in
the shear layer, but bubble trapping cannot be detected by the DOS technique alone. It can only be shown that
the measurements are consistent with the PIV results if bubble trapping occurs.

The greatest profit of the phase-averaged DOS measurements are the results for space- and time-dependent,
coherent bubble densities or void fractions that are produced with adequate spatial resolution. Indeed the
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Fig. 16. Variation of the void fraction and of the vertical bubble velocity during the excitation period (for points in the shear layer at
y = 200 mm).
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temporal resolution achieved with the optical sensors is higher than the temporal resolution of the PIV system,
which is restricted to 15 Hz. For instance, the production of PIV data with, e.g., 25 time steps per excitation
period of 0.5 s cannot be obtained in a single PIV run with a maximum available frequency of 15 Hz. This
could only be produced in a series of tests with different phase shifts between vortex excitation and PIV shots.
It is obvious that the performance and analysis of such series of runs would be very time-consuming and it
would have been difficult to ensure reproducibility of all relevant experimental conditions along the runs.
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The value of this kind of results is also limited in that only the coherent part of the fluctuations can be cor-
related. The development of a photographic technique that enables void (or bubble density) measurements
simultaneously with the PIV experiments is a suggestion for future work.

7. Conclusions

The dispersion of bubbles in shear layers is effected by the momentum transfer between bubbles and liquid
in two-phase flow resulting from the different forces acting on the bubbles. Experiments carried out with var-
iable inlet conditions provide quantitative information on the development of a periodically-triggered bubbly
jet and can be used to examine the adequacy of the various models for momentum transfer between bubbles
and the liquid field that are used in time-dependent LES calculations.

Controlled excitation at fixed frequency and with defined amplitude, achieved by producing small flow
surges around the jet nozzle, causes large eddy structures to develop at regular intervals. The synchronization
with data acquisition is found to be a useful tool for the observation of bubble movement that cannot be
achieved in naturally-developing jet flows.

The PIV technique, combined with a photographic technique using backlighting, enables identification of
bubble trapping and verification of the required trapping conditions which can be expressed in terms of either
the vortex trapping parameter, Cx or the Vortex Froude number Frx.

The phase-averaged void fraction, bubble velocities and bubble numbers obtained by DOS show the exis-
tence of coherent structures in the shear layer. In order to quantify bubble trapping, however, DOS phase-
averaged data must be combined with phase-averaged PIV data.
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